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Abstract-This paper presents the effect of strain rates on nonlinear deformation behavior of CFRP 
composites. An elastic-plastic constitutive model is developed on the basis of both a complementary 
elastic energy function and a plastic potential, assuming that linear elastic deformation occurs in the 
fiber direction and that nonlinear strain in the shear direction is decomposed into nonlinear elastic strain 
and plastic strain. A one-parameter and a two-parameter plastic potential are employed to describe 
post-yielding behavior of composite laminae. Nonlinear elastic shear strain is measured by means of 
loading/unloading tensile tests of [±45°]s specimens. Off-axis tensile tests are performed to obtain the 
universal effective stress-effective plastic strain relation under monotonic loading. It is shown that rate- 
dependence of effective stress-effective plastic strain relation can be explained by determining anisotropy 
parameters of the plastic potential as functions of initial effective plastic strain rate. 

Keywords: nonlinear deformation; CFRP; strain rate; plastic potential; off-axis test. 

1. INTRODUCTION 

Carbon fiber reinforced plastics (CFRPs) have been extensively employed in various 

engineering fields. Stress-strain response of CFRP laminates provides essential data 
in the application of CFRP laminates to light-weight structures, such as an aerospace 
vehicle. 

Many theoretical models for inelastic behavior of CFRPs proposed in previous 
studies can be classified into three categories: nonlinear elasticity model, plasticity- 
based model and damage mechanics model. Hahn and Tsai [1] obtained a constitutive 
relation using a complementary elastic energy function. They introduced a fourth- 
order nonlinear term in the shear direction to describe nonlinear stress-strain behavior 
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of composite laminae. Jones and Morgan [2] developed a nonlinear constitutive model 
based on an elastic energy function. Hashin et al. [3] applied the Ramberg-Osgood 
relation to inelastic behavior of composites in the transverse and shear directions. The 
above models belong to nonlinear elasticity theories. On the other hand, plasticity- 
based theories have been studied by many researchers. Sun and Chen [4] proposed 
a one-parameter plasticity model using a quadratic plastic potential. Vaziri et al. [5] 

developed an orthotropic plasticity model including prediction of failure strength. 
Hansen et al. [6] presented an invariant flow rule for anisotropic plasticity using a 
scalar hardening parameter. Chaw and Yang [7] developed a damage mechanics model 

analogous to a flow rule employing a two-parameter damage potential. 
Time-dependent behavior of inelastic response of the composites has been treated 

mainly by using viscoplasticity theories. Eisenberg and Yen [8] and Krempl and 

Hong [9] employed an overstress model to describe viscoplastic behavior of CFRP 

composites. Gates and Sun [10] applied a one-parameter plasticity model to the 
overstress concept. 

In the present study, a two-dimensional macromechanical constitutive model is 
established on the basis of both nonlinear elasticity and plasticity theories using a 

complementary energy function and plastic potentials. Nonlinear strain in the longi- 
tudinal shear direction is assumed to be decomposed into nonlinear elastic strain and 

plastic strain. Two plastic constitutive equations are derived from a one-parameter and 

a two-parameter plastic potential. On-axis and off-axis tensile tests are conducted at 
various strain rates to determine elastic constants and plastic parameters regulating the 
effective stress-effective plastic strain relation. Off-axis tensile stress-strain responses 
predicted by the two plasticity models are compared with experimental results. The 
effect of strain rates on nonlinear stress-strain behavior is experimentally investigated 
and theoretically explained by expressing elastic constants and plastic parameters as 

functions of effective plastic strain rates. 

2. THEORETICAL MODEL 

2.1. Constitutive model 

2.1.1. Nonlinear elasticity model. We consider an orthotropic lamina in a plane- 
stress state. On-axis and off-axis coordinate systems are defined in Fig. 1. Stresses 
in the fiber, transverse and longitudinal shear directions are denoted by Œ¡, a2 and Œ6, 

respectively. It is assumed that (i) there is no nonlinearity in the fiber direction, (ii) 
there is no coupling between Il and a6 , and (iii) there is no nonlinear coupling between 

Œ¡ and cr2. Hence, a fourth-order complementary energy function Wc proposed by 
Hahn and Tsai [1] is rewritten as 
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Figure 1. Definition of on-axis and off-axis coordinate systems denoted by (1, 2) and (x, y), respectively. 
The coordinate system ( 1, 2) coincides with material principal axes. 

where and Sijkl are the second-order, third-order and fourth-order coeffi- 

cients. This function contains nonlinearity in both the transverse and longitudinal 
shear directions and shear coupling between the two directions. Differentiation of the 

complementary energy function with respect to each stress leads to the corresponding 
elastic strain: 

n 1)1;1 ':Inr 

Thus, the elastic constitutive equation is obtained in the incremental form as fol- 
lows : 

where s2 and E' are engineering elastic strains in the fiber, transverse and longitu- 
dinal shear directions, respectively, and 57} are components of an elastic compliance 
matrix expressed as 

In our previous study [11], we confirmed from loading/unloading tests of [45°] 
and [90°] specimens that plastic deformation follows linear elastic deformation in 
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the transverse direction and that nonlinear elastic deformation does not occur in 

the transverse-shear coupling direction. In the shear direction, however, nonlinear 
elastic strain is observed in loading/unloading tensile test of [+45°]s specimens. 
Thus, 

is denved. Substituting equation (5) mto equation (4), we obtain 

i _ .. I r r.."" i I 

As a result, this elastic constitutive equation has the same form as that derived by 
Hahn and Tsai [1]. In the present model, however, nonlinearity is assumed to be 
ascribed not only to nonlinear elastic deformation but also to plastic deformation. 
Nonlinear strain observed in the transverse direction and most part of nonlinear strain 

in the shear direction are proved to be due to plastic deformation [I I]. Hence, in 
addition to the above elastic constitutive equation, plastic constitutive equations are 
established in the next section. 

2.1.2. Plasticity model. Plastic strain increments are expressed using a plastic po- 
tential according to the associated flow rule as 

where is a proportional factor increment which is a function of stresses determined 
from the effective stress-effective plastic strain relation. Because nonlinear stress- 
strain behavior under monotonic loading is investigated in the present study, effects of 
a loading path on plastic deformation and Bauschinger effect are neglected. A yield 
criterion is expressed using the plastic potential as 

where k stands for a measure of hardening which increases with effective plastic 
strain. The following quadratic plastic potential is employed: 

where coefficients Aij(k) are anisotropy parameters. It should be noted that the 

summation convention is applied to equation (9). For strongly orthotropic fiber com- 

posites, it is not reasonable to assume that anisotropy parameters are constant [5]. 
Hence, we assume that the anisotropy parameters are functions of scalar k in the first 

step of the present model. 
Effective stress and effective plastic strain are defined by 
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where d Wp is plastic work increment defined by 

From equations (7) to (12), we obtain 

where 

The function g is determined from the effective stress-effective plastic strain relation, 
and the function Q is obtained if Aij are given as functions of k. 

Substitution of equation (13) into equation (7) leads to 

If all the anisotropy parameters are constant, the function S2 is unity and equation (16) 
is rewritten as 

The hardening model in which the anisotropy parameters change with plastic deforma- 

tion has also been proposed by Vaziri et al. [5]. In their paper, however, expressions 
for the anisotropy parameters were not described clearly. 

For fiber composites in the plane-stress state, the following two plastic potentials 
can be derived from an assumption of no plastic deformation in the fiber direction: 
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where a26 and a66 are used instead of A26/A22 and A66/A22, respectively. A one- 

parameter plastic potential given by equation (18) has been proposed by Sun and 

Chen [4]; on the other hand, equation (19) is a two-parameter plastic potential which 

has been employed by Chaw and Yang [7] as a damage potential. They introduced 
a shear coupling effect in the damage potential assuming that matrix crack and/or 
matrix-fiber debonding have influence on deformation in both the transverse and 
shear directions. Here, we establish the following two plasticity models. In Model A, 

equation (18) is used as a plastic potential, in which the anisotropy parameter a66(k) 
is the following first order function of a scalar k: 

where a, a66° and Œe are a rate of decrease in a66, an initial value of a66, and 
effective yield stress, respectively. On the other hand, in Model B, the two-parameter 
plastic potential expressed by equation (19) is employed although the two parameters 
are assumed to be constant: 

The effective stress-effective plastic strain relation is approximated by the following 

power law for Models A and B: 

where B and m are material constants which depend on temperature and strain rate. 
The exponent m means the inverse of the hardening parameter n. Sun and Chen's 
model [4], we set 

Then, equation (22) yields 

for Sun and Chen's model. Vaziri et al. [5] assumed the bilinear hardening, which 

corresponds to m = I in equation (22). Using equations (18) to (22), equations (14) 
and (15) yield 

In Sun and Chen's model, Œe = 0 and a = 0 are used in Model A. 
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Finally, a plastic constitutive equation is presented for Models A and B from equa- 
tions (16), (18) and (19) as 

Substitution of a66 (k) = a66° and Q = 1 into equation (27) leads to the plastic 
constitutive equation for Sun and Chen's model. 

2.1.3. Elastic-plastic constitutive equation. Total strain increment is decomposed 
into elastic strain increment and plastic strain increment expressed by 

or 

where 5ij are components of an elastic-plastic compliance matrix. From equations (6) 
and (27), these components are given by 
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From equations (6) and (28), we can obtain 

2.2. Off-axis tensile tests 

2.2.1. Effective stress-effective plastic strain relation. The effective stress-effective 

plastic strain relation is determined by off-axis monotonic tensile tests. The stresses 

referring to the material principal axes, or the on-axis coordinate system in Fig. 1, 
are expressed using the off-axis tensile stress Œx as 

where 0 is an off-axis angle defined in Fig. 1. From equations (8), (10), (18), (20) 
and (33), the effective stress for Model A is expressed as 

where F(O) and G(O) are the following functions of the off-axis angle: 

From equations (10), (19), (21) and (33), we obtain the effective stress for Model B 

as 

where 

Plastic strain increment in the off-axis tensile direction is expressed as 
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For Model A, plastic strain increments in the material principal directions are calcu- 
lated from equations (7) and (18) as 

Substitution of equation (40) into equation (39) using equations (20), (33) and (34) 
leads to 

From equations (13), (34) and (41 ), we can derive the effective plastic strain increment 
for Model A using the off-axis tensile plastic strain increment: 

Similarly, the effective plastic strain increment for Model B is obtained as 

By integrating equations (42) and (43), we obtain the effective plastic strain as 

In Sun and Chen's model [4], a = 0 is substituted into equations (34) and (44) since 
a one-parameter plastic potential in which the anisotropy parameter is constant is 

employed in their model. Hence, the effective stress and effective plastic strain for 
Sun and Chen's model expressed as 

where 

Here, we assume that the universal effective stress-effective plastic strain relation 
is obtained when the composite is loaded in tension at the same initial effective 

plastic strain rate under various combined stress conditions. The initial effective 
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plastic strain rate is defined as the effective plastic strain rate at the onset of plastic 
deformation: - 

For Models A and B, the initial effective plastic strain rates are expressed from 

equations (44) and (45), respectively, as 

The plastic parameters are determined as follows. First, for Models A and B, the 
effective yield stress defined as the stress at the beginning of plastic deformation is 

calculated using equations (34) and (37) as 

where Y and R are the yield stresses of a [90°] and a [45°] specimen, respectively. 

By eliminating Œe from equation (51), we obtain an initial value of the anisotropy 

parameter a66 for Model A: 

Next, if an appropriate value of a is given, the functions F(0) and G (9) expressed by 

equations (35) and (36), respectively, are calculated for each off-axis angle. Then, the 

effective stress and the effective plastic strain are computed using equations (34) and 

(44) from a tensile stress-plastic strain curve of each off-axis specimen. The value 

of a is determined so that the effective stress-effective plastic strain plots for various 
off-axis angles are reduced to one master curve. By curve-fitting of the universal 

effective stress-effective plastic strain curve using equation (22), a coefficient B and 

an exponent m are determined. 

On the other hand, in Model B, longitudinal and transverse plastic strain increments 

are expressed as 

Using equations (7), (19), (21) and (33), equation (53) is rewritten as 
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Then, plastic Poisson's ratio is expressed for Model B as 

When plastic Poisson's ratio measured for two different off-axis angles, the two 

anisotropy parameters a26° and a66° are computed using equation (55). The effective 

stress-effective plastic strain plots obtained from equations (37) and (45) for vari- 

ous off-axis angles are fitted by equation (22) to determine a coefficient B and an 

exponent m. 

2.2.2. Off-axis tensile stress-strain response. Total stress-strain response of an off- 

axis specimen is predicted using the elastic constants and the plastic parameters. First, 
tensile plastic strains for Models A and B are expressed as a function of tensile stress 

using equations (22), (34), (37), (42) and (43) as 

where Qx° is tensile yield stress of an off-axis specimen. In Sun and Chen's model, 
tensile plastic strain is presented from equations (24), (46) and (47) as 

On the other hand, tensile elastic strain of an off-axis specimen is described as 

Using the components of the elastic compliance in equation (6), equation (59) yields 

where 
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Finally, total tensile strain decomposed into tensile elastic strain and tensile plastic 
strain is given as a function of tensile strain using equation (60) as 

The plastic strains for Models A and B and Sun and Chen's model are described in 

equations (56), (57) and (58), respectively. Actually, the nonlinear elastic strain is so 
small in comparison with plastic strain that it is possible to neglect the second term 
in equation (62). 

3. EXPERIMENT 

3.1. Material 

The material used was a graphite-fiber reinforced epoxy matrix composite (T300/ 
#2500, Toray). The composite plates were cured at a temperature of 120°C and 
the final fiber volume fraction was 0.58. The coupon specimens were cut from 
unidirectional plates (300 x 500 x 2.8 mm3) and [::!::45°] symmetric laminates (300 x 
300 x 0.6 mm3). The specimens have lengths of 150-200 mm and widths of 10- 
20 mm. The on-axis and off-axis specimens ([0°], [30°], [45°], [60°], [90°]) were 
cut from the unidirectional plates. Tapered aluminum tabs were bonded on both ends 
of the specimen using an epoxy adhesive for high temperature testing up to 250°C. The 

specimens were dried in a vacuum chamber at 30°C for one month before tensile tests. 

3.2. Experimental procedure 

Monotonic and loading/unloading tensile tests were conducted using the data acquisi- 
tion system for load-strain measurement as illustrated in Fig. 2. An electro-hydraulic 

Figure 2. Data acquisition system for stress-strain measurement. 
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fatigue test machine was used for tensile tests. A specimen was kept at a constant 

temperature of 70°C for 60 min in a thermostatic chamber to ensure the temperature 

uniformity of the specimen. The strains in two or three different directions were 

measured with rosette (0°/90° or 0°/45°/90°) strain gages mounted on the specimen 
surface. The signals of the strain gages were amplified and input to a digital pen- 
recorder with the load signal. All the analog signals were converted to the digital 
ones in the pen-recorder and transferred to a personal computer. Monotonic tensile 

tests were conducted for on-axis and off-axis specimens at a temperature of 70°C at 

various strain rates. The strain rates of off-axis specimens were selected so that the 

initial effective plastic strain rate is almost the same among various off-axis spec- 
imens. Loading/unloading tensile tests were conducted for [::i:45°]8 specimens to 

measure nonlinear elastic strain in the shear direction. Since the permanent strain on 

unloading is defined as plastic strain, the nonlinear elastic strain was calculated by 

subtracting the plastic strain from the total nonlinear strain. 

4. RESULTS AND DISCUSSION 

Both longitudinal and transverse strains against longitudinal stress obtained from [0°] 

specimens are linear. These results confirm that the coefficients s 11 and S 12 are con- 

stant because of an observed linearity of the fiber stress-strain curve. Figure 3 shows 

transverse tensile stress-strain curves obtained from the tensile tests of [90°] speci- 
mens at three different strain rates. Slight nonlinearity is observed after yielding at 

which the curve shows a knee point. This nonlinearity is attributed not to nonlinear 

elasticity but to plastic deformation because permanent strain with the same value as 

Figure 3. Tensile stress-strain curves of [90°1 CF/Epoxy specimens for various strain rates at 70°C. 
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Figure 4. A loading/unloading stress-strain curve of a [90°] CF/Epoxy specimen at 70°C. Plastic strain 
with the same value as nonlinear strain is observed after full unloading. 

Figure 5. Effect of strain rate on shear stress-strain response obtained using [:!::45°]s CF/Epoxy speci- 
mens at 70°C. 

nonlinear strain before unloading is observed after unloading. Figure 4 displays a 

loading/unloading stress-strain curve of a [90'] specimen at 70°C. Permanent (plas- 
tic) strain is observed on unloading, which is almost the same as the nonlinear strain 
on loading. Figure 5 shows the effect of strain rate on shear stress-strain response 
obtained using [::i:45°]s specimens. Remarkable rate-dependence is observed in initial 
shear modulus and post-yielding behavior. Figure 6 depicts shear stress-shear strain 
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Figure 6. Shear stress-shear strain curve obtained by loading/unloading tests of five [±45° ]s CF/Epoxy 
specimens at 70°C. 

Table 1. 

Rate-dependence of the elastic constants of CF/Epoxy composites at the temperature of 70°C 

plots obtained from loading/unloading tests of five [7L45']s specimens. The coeffi- 

cients s66 and s6666 are determined by curve-fitting of the shear stress-elastic shear 

strain plots. Nonlinear elastic deformation ascribed to the fourth-order coefficient 

S6666 can be observed at high stresses. However, it is proved that nonlinearity in the 

shear direction is due chiefly to plastic deformation by the present tests. It should be 

noted that effects of damage (fiber/matrix interfacial debonding, delamination, matrix 

cracking) must be dominant in large deformation in measuring the shear properties 

using [=L45°]s specimens. The elastic constants obtained for various strain rates are 

summarized in Table 1. Although elastic modulus in the fiber direction is insensitive 

to strain rates, the moduli in the transverse and shear directions show significant rate 

dependence. 

In Fig. 7, the yield stresses of [90°] and [45°] specimens are plotted against the initial 

effective plastic strain rate. From this figure, yield stresses Y, R and the anisotropy 

parameter a66° in Model A are expressed as functions of the initial effective plastic 
strain rate using the power law and equation (52): 
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The measured plastic Poisson's ratios for two off-axis angles 30° and 60° and the 

two anisotropy parameters a26° and a660 in Model B calculated using equation (55) 
are presented in Table 2 for three different initial plastic strain rates. The parameter 
a260 has a negative value at a high plastic strain rate and increases with decreasing 
the plastic strain rate. 

Effective stress-effective plastic strain curves at two initial effective plastic strain 

rates obtained using Model A, Model B and Sun and Chen's model are presented 

\ " / 

Figure 7. Measured yield stresses of [90°] and [45°] CF/Epoxy specimens plotted against the initial 
effective plastic strain rate. 

Table 2. 
Measured plastic Poisson's ratios and calculated anisotropy parameters of CF/Epoxy composites in 
Model B against the initial effective plastic strain rate 
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Figure 8. Effective stress-effective plastic strain curves obtained using Model A at the temperature of 
70°C and the initial effective plastic strain rate of (a) 2 x s-1, (b) 2 x 10-3 s-1. 

in Figs 8, 9 and 10, respectively. The solid lines in those figures are obtained by 
curve-fitting using equation (22) for Models A and B, and using equation (24) for 
Sun and Chen's model. Effective stress in Models A and B and effective plastic strain 
in Model A are estimated to be larger than those obtained by Sun and Chen's model, 
but effective plastic strain computed by Model B is smaller than that calculated by Sun 
and Chen's model. The large effective stress and effective plastic strain in Model A 

are correlated with a decrease in the anisotropy parameter <66() with the plastic 
deformation. On the other hand, the large effective stress and the small effective 

plastic strain result from a larger value of function H(0) than that of function Fo(9). 
Effect of the initial effective plastic strain rate on the effective stress-effective plastic 
strain relation obtained by Model A is described in Fig. 11. Two curves are presented 
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Figure 9. Effective stress-effective plastic strain curves obtained using Model B at the temperature of 
70°C and the initial effective plastic strain rate of (a) 2 x 10-4 s-1, (b) 2 x s-1. 

for each strain rate; one is a curve for a > 0 and the other is a curve for a = 0, which 

is located above the curve for a > 0. For a > 0, the slope of the effective stress- 
effective plastic strain curve decreases as the anisotropic parameter a66(k) decreases 

with increasing scalar k (equation (20)), but a66 (k) is constant for a = 0. The plastic 

parameters in Models A and B and Sun and Chen's model obtained in Figs 8, 9 and 

10, respectively, are presented for two initial effective plastic strain rates in Tables 3, 

4, and 5, respectively. In Model A, while the initial value of the anisotropy parameter 
a66, or a66°, depends on the initial effective plastic strain rate, the rate of decrease 

in a66, or a, and the hardening parameter m are independent of strain rate (Table 3). 
Similar characteristics of rate dependence are shown in Model B (Table 4) and Sun and 
Chen's model (Table 5), namely, strain rate has remarkable effect on the anisotropy 
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Figure 10. Effective stress-effective plastic strain curves obtained using Sun and Chen's model at the 
temperature of 70°C and the initial effective plastic strain rate of (a) 2 x 10-4 ç 1, (b) 2 x 10-3 

parameters and relatively small influence on the hardening parameter m or n. These 
results contrast the effect of temperature on the plastic parameters in our previous 
study [ 11 ]. Notable temperature variation was observed in the parameters a and m 
or n, although effect of temperature on a66° was rather small. 

Figure 12 presents off-axis tensile stress-strain curves predicted by Models A and B 

and Sun and Chen's model compared with experimental results. The curve predicted 
by Model A shows the best agreement with experimental results among the curves 

predicted by the three models. Model A and Sun and Chen's model have one fitting 

parameter, which is a and a66°, respectively, but no fitting parameter is employed 
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Table 3. 
The parameters concerned with plastic deformation employed in Model A 

Table 4. 
The parameters concerned with plastic deformation employed in Model B 

Table 5. 
The parameters concerned with plastic deformation employed in Sun and Chen's model 

Figure 11. Effect of strain rate on effective stress-effective plastic strain curves at 70°C obtained using 
Model A. All curves are obtained by curve-fitting of the measured data of off-axis tensile tests. 
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Figure 12. Comparison of off-axis tensile stress-strain curves predicted by the three models with experi- 
mental results. The off-axis angle, initial effective plastic strain rate and temperature are 60°, 2 x 10-3 S-1 
and 70°C, respectively. 

in Model B because the two anisotropy parameters a26° and a66° are empirically 
determined by measurement of plastic Poisson's ratio (equation (55)). Hence, off- 
axis stress-strain curves are not successfully predicted by Model B unless the two 

anisotropy parameters are accurately estimated. 

5. CONCLUSIONS 

The effect of strain rates on nonlinear deformation behavior in CFRP composites 
was investigated on the basis of a nonlinear elasticity theory and a flow rule. Two 
constitutive equations were formulated using a one-parameter and a two-parameter 

plastic potential. The elastic constants and the plastic parameters were determined 

by on-axis and off-axis tensile tests at various strain rates. Both nonlinear elastic 

deformation and plastic deformation were observed in the shear direction. Rate- 

dependence of the plastic parameters was examined using the initial effective plastic 
strain rate. Off-axis tensile stress-strain curves predicted by three plasticity models 

were compared with experimental results. Prediction by Model A that employs a 

one-parameter plastic potential in which the anisotropy parameter changes was the 
most successful. 
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